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Abstract.‌ ‌We‌ ‌present‌ ‌a‌‌numerical‌ ‌technique‌‌for‌‌self-consistently‌‌calculating‌‌plasma‌‌equilibria‌‌with‌‌prescribed‌‌sources‌‌                           
and‌ ‌sinks‌ ‌on‌ ‌the‌ ‌boundaries,‌ ‌i.e.‌ ‌a‌ ‌scattering‌ ‌system.‌ ‌The‌ ‌method‌ ‌is‌ ‌applied‌ ‌to‌ ‌the‌ ‌earth’s‌ ‌magnetotail.‌ ‌The‌ ‌method‌‌                                     
follows‌‌individual‌‌particles‌‌through‌‌a‌‌prescribed‌‌magnetic‌‌field,‌ ‌while‌‌calculating‌‌the‌‌density,‌ ‌current‌‌and‌‌pressure‌‌that‌‌                               
the‌ ‌particle‌ ‌contributes‌ ‌on‌ ‌a‌ ‌uniformly‌ ‌spaced‌ ‌grid.‌ ‌The‌ ‌individual‌ ‌particles‌ ‌are‌ ‌weighted‌ ‌to‌ ‌model‌ ‌a‌ ‌given‌ ‌source‌‌                                   
distribution‌‌and‌‌the‌‌total‌ ‌equilibrium‌‌properties,‌ ‌including‌‌the‌‌resulting‌‌magnetic‌‌field,‌‌are‌‌evaluated.‌‌The‌‌calculated‌‌and‌‌                               
prescribed‌‌magnetic‌‌fields‌‌are‌‌then‌‌compared.‌‌If‌ ‌the‌‌fields‌‌differ‌‌significantly,‌ ‌the‌‌two‌‌fields‌‌are‌‌mixed‌‌and‌‌the‌‌process‌                                     
repeated.‌ ‌Convergence‌ ‌to‌ ‌the‌ ‌self-consistent‌ ‌field‌ ‌typically‌ ‌takes‌ ‌between‌ ‌100‌ ‌and‌ ‌150‌ ‌iterations.‌ ‌ 

I‌NTRODUCTION‌ ‌ 

Determining‌‌the‌‌self-consistent‌‌properties‌‌of‌‌a‌‌plasma‌‌equilibrium‌‌is‌‌typically‌‌a‌‌very‌‌challenging‌‌problem,‌‌but‌‌is‌‌                               
essential‌‌for‌‌determining‌‌the‌‌stability‌‌and‌‌wave‌‌properties‌‌in‌‌the‌‌plasma.‌‌This‌‌is‌‌particularly‌‌true‌‌for‌‌cases‌‌where‌‌the‌‌                                     
scale‌‌length‌‌of‌‌the‌‌variations‌‌in‌‌the‌‌plasma‌‌are‌‌on‌‌the‌‌order‌‌of‌‌the‌‌ion‌‌gyroradius‌‌or‌‌smaller.‌‌One‌‌common‌‌method‌‌is‌‌                                           
to‌ ‌choose‌ ‌a‌ ‌distribution‌ ‌function‌ ‌and‌ ‌self-consistently‌ ‌solve‌‌the‌‌Vlasov-Maxwell‌‌equations‌‌using‌‌moments‌‌of‌‌the‌‌                             
distribution.‌‌This‌‌technique‌‌has‌‌produced‌‌many‌‌useful‌‌results,‌1-5‌ ‌however‌‌it‌‌misses‌‌the‌‌effects‌‌of‌‌nonlinear/chaotic‌‌                             
particle‌ ‌dynamics‌ ‌on‌ ‌the‌ ‌distribution‌ ‌function‌ ‌and‌ ‌resulting‌ ‌equilibrium‌ ‌and‌ ‌stability.‌ ‌Test‌ ‌particle‌ ‌simulations‌‌                           
provide‌‌an‌‌alternative,‌‌in‌‌which‌‌the‌‌fields‌‌are‌‌assumed‌‌to‌‌be‌‌known‌‌and‌‌a‌‌distribution‌‌of‌‌particles‌‌is‌‌launched‌‌from‌‌a‌‌                                         
source‌ ‌region‌ ‌and‌ ‌pushed‌ ‌through‌ ‌the‌ ‌given‌ ‌fields.‌6-9‌ ‌Once‌ ‌all‌ ‌the‌ ‌particles‌ ‌in‌ ‌a‌ ‌source‌ ‌distribution‌ ‌have‌‌moved‌‌                                   
through‌‌the‌‌system,‌‌the‌‌total‌‌average‌‌density‌‌(n),‌‌current‌‌(‌j‌),‌‌pressure‌‌tensor‌‌(‌Q‌),‌‌are‌‌used‌‌to‌‌update‌‌the‌‌fields.‌‌The‌‌                                       
process‌ ‌is‌ ‌repeated‌ ‌until‌ ‌the‌ ‌input‌ ‌and‌ ‌calculated‌ ‌fields‌ ‌are‌ ‌in‌ ‌agreement.‌ ‌Test‌ ‌particle‌ ‌codes‌ ‌are‌ ‌well‌‌suited‌‌for‌‌                                     
determining‌ ‌equilibrium‌ ‌solutions‌ ‌with‌ ‌good‌ ‌spatial‌ ‌resolution‌ ‌using‌ ‌a‌ ‌relatively‌ ‌small‌ ‌number‌ ‌of‌ ‌particles,‌ ‌but‌‌                             
cannot‌ ‌yield‌ ‌any‌ ‌information‌ ‌about‌ ‌the‌ ‌time‌ ‌evolution‌ ‌and‌ ‌stability‌ ‌of‌ ‌the‌ ‌calculated‌ ‌equilibria.‌ ‌The‌ ‌resulting‌‌                               
equilibria‌‌may‌‌be‌‌used‌‌as‌‌initial‌‌conditions‌‌for‌‌Particle-in-Cell‌‌simulations‌‌that‌‌can‌‌evaluate‌‌the‌‌wave‌‌and‌‌stability‌‌                                 
properties‌ ‌of‌ ‌the‌ ‌system.‌ ‌ 

T‌EST‌‌ ‌PA‌RTICLE‌‌ ‌S‌IMULATION‌ ‌ 

A‌‌fundamental‌‌first‌‌step‌‌in‌‌a‌‌test‌‌particle‌‌code‌‌is‌‌to‌‌compute‌‌the‌‌contributions‌‌of‌‌a‌‌single‌‌particle.‌‌This‌‌process‌‌is‌‌                                         
complicated‌‌by‌‌the‌‌facts‌‌that‌‌the‌‌particle‌‌motion‌‌is‌‌in‌‌general‌‌chaotic‌‌and‌‌that‌‌it‌‌is‌‌not‌‌known‌‌a‌‌priori‌‌how‌‌long‌‌a‌‌                                             
particle‌ ‌will‌ ‌remain‌ ‌in‌ ‌the‌ ‌calculation‌ ‌region.‌ ‌At‌ ‌any‌ ‌given‌ ‌time,‌ ‌however,‌ ‌the‌ ‌distribution‌ ‌function‌ ‌of‌ ‌a‌ ‌single‌‌                                   
particle‌ ‌is‌ ‌formally‌ ‌given‌ ‌by‌ ‌ 
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delta‌‌function.‌‌For‌‌our‌‌work‌‌on‌‌the‌‌current‌‌sheet,‌‌L‌‌and‌‌ ‌are‌‌taken‌‌to‌‌be‌‌the‌‌initial‌‌scale‌‌length‌‌of‌‌the‌‌assumed‌‌                      Ω0                        
field‌ ‌and‌ ‌the‌ ‌cyclotron‌ ‌frequency‌ ‌in‌ ‌the‌ ‌asymptotic‌ ‌magnetic‌ ‌field.‌ ‌The‌ ‌first‌ ‌three‌ ‌moments‌ ‌of‌ ‌the‌ ‌distribution‌‌                                 
(density(‌n‌),‌ ‌current(‌j‌),‌ ‌and‌ ‌pressure‌ ‌(‌Q‌))‌ ‌are‌ ‌calculated‌ ‌as‌‌ ‌  
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Here‌ ‌q‌ ‌(m)‌ ‌is‌ ‌the‌ ‌charge‌ ‌(mass)‌ ‌of‌ ‌the‌ ‌particle‌ ‌and‌ ‌we‌ ‌have‌ ‌defined‌ ‌the‌ ‌normalized‌ ‌variables‌ ‌and‌‌                                r L    ˆ = r/    

.‌‌The‌‌contribution‌‌of‌‌a‌‌single‌‌particle‌‌to‌‌the‌‌equilibrium‌‌quantities‌‌is‌‌obtained‌‌by‌‌averaging‌‌instantaneous‌‌Ω L  v̂ = v/ 0                                
values‌ ‌along‌ ‌the‌ ‌trajectory‌ ‌for‌ ‌the‌ ‌time,‌ ‌T,‌ ‌that‌ ‌the‌ ‌particle‌ ‌is‌ ‌in‌ ‌the‌ ‌system,‌ ‌i.e.‌ ‌ 
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‌ 
where‌ ‌W‌ ‌is‌ ‌any‌‌velocity‌‌moment‌‌(n,‌‌‌j‌,‌‌‌Q‌)‌‌and‌‌in‌‌general,‌‌T‌‌will‌‌be‌‌different‌‌for‌‌each‌‌particle.‌‌Assuming‌‌that‌‌we‌‌                                           
calculate‌ ‌the‌ ‌particle‌ ‌position‌ ‌and‌ ‌velocity‌ ‌at‌ ‌equally‌ ‌space‌ ‌time‌ ‌intervals,‌ ‌ ‌so‌ ‌that‌ ‌ ,‌ ‌we‌ ‌may‌‌                      tΔ       ΔtT = N      
approximate‌ ‌the‌ ‌integral‌ ‌as‌ ‌a‌ ‌finite‌ ‌sum.‌  ‌Thus‌ ‌ 
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where‌‌ ‌‌is‌‌the‌‌normalized‌‌position‌‌(velocity)‌‌at‌‌the‌‌n‌th‌ ‌time‌‌step‌‌and‌‌ is‌‌the‌‌Kroneker‌‌delta‌‌function.‌‌Since‌‌    (v )r̂n n̂                         δr,rˆ n̂

           
the‌‌moments‌‌will‌‌be‌‌interpolated‌‌onto‌‌a‌‌grid,‌‌it‌‌is‌‌important‌‌that‌‌the‌‌time‌‌step‌‌be‌‌chosen‌‌sufficiently‌‌small‌‌so‌‌that‌‌a‌‌                                           
particle‌‌does‌‌not‌‌cross‌‌a‌‌complete‌‌grid‌‌cell‌‌in‌‌a‌‌single‌‌step.‌‌The‌‌sums‌‌in‌‌the‌‌square‌‌brackets‌‌are‌‌easily‌‌calculated‌‌by‌                                           
linearly‌ ‌interpolating‌ ‌the‌ ‌values‌ ‌at‌ ‌each‌ ‌step‌ ‌onto‌ ‌the‌ ‌grid‌ ‌points‌ ‌that‌ ‌bound‌ ‌the‌ ‌cell‌ ‌the‌ ‌particle‌ ‌is‌ ‌in‌ ‌during‌ ‌a‌‌                                         
particular‌ ‌step.‌ ‌An‌ ‌extra‌ ‌(guard)‌ ‌cell‌ ‌adjacent‌ ‌to‌ ‌the‌ ‌calculation‌ ‌region‌ ‌must‌ ‌be‌ ‌included‌ ‌to‌ ‌ensure‌ ‌the‌ ‌proper‌‌                                   
contributions‌ ‌of‌ ‌the‌ ‌moments‌ ‌to‌ ‌the‌ ‌edge‌ ‌grid‌ ‌points.‌ ‌In‌ ‌principle‌ ‌this‌ ‌process‌ ‌can‌ ‌be‌ ‌applied‌ ‌in‌ ‌1,‌ ‌2,‌ ‌or‌ ‌3‌‌                                         
dimensions.‌ ‌ 

As‌‌a‌‌particular‌‌example‌‌of‌‌the‌‌test‌‌particle‌‌method,‌‌we‌‌consider‌‌the‌‌magnetotail‌‌current‌‌sheet‌‌where‌‌we‌‌use‌‌the‌‌                                     
GSE‌‌coordinate‌‌system‌‌with‌‌its‌‌origin‌‌in‌‌the‌‌center‌‌of‌‌the‌‌earth,‌‌the‌‌x-direction‌‌is‌‌in‌‌the‌‌direction‌‌of‌‌the‌‌sun,‌‌y‌‌is‌‌in‌‌                                               
the‌ ‌dawn‌ ‌to‌ ‌dusk‌ ‌direction‌ ‌and‌ ‌z‌ ‌is‌ ‌normal‌ ‌to‌ ‌the‌ ‌ecliptic.‌ ‌In‌ ‌this‌ ‌system,‌ ‌the‌ ‌magnetic‌ ‌field‌ ‌is‌ ‌given‌ ‌by‌‌                                         

‌‌where‌‌ ‌is‌‌a‌‌smoothly‌‌varying‌‌function‌‌that‌‌asymptotes‌‌to‌‌±1‌‌as‌‌ ‌For‌‌the‌‌case‌‌B  f (z L)x z  B =   0 / ˆ + Bz ˆ     (z L)  f /                       →±∞.z        
,‌‌this‌‌is‌‌the‌‌well-known‌‌modified‌‌Harris‌‌model.‌‌The‌‌field‌‌is‌‌taken‌‌to‌‌only‌‌vary‌‌in‌‌the‌‌z-direction,‌‌(z L) tanh(z L)  f / =   /                                    

since‌ ‌the‌ ‌scale‌ ‌lengths‌ ‌in‌ ‌x‌ ‌and‌ ‌y‌ ‌are‌ ‌much‌ ‌longer‌ ‌than‌ ‌L.‌ ‌ ‌   
To‌‌calculate‌‌the‌‌equilibrium‌‌profiles,‌‌we‌‌choose‌‌the‌‌ion‌‌source‌‌distribution‌‌function‌‌in‌‌the‌‌asymptotic‌‌region‌‌to‌‌                                 

be‌ ‌a‌ ‌drifting‌ ‌Maxwellian,‌ ‌i.e‌‌ ‌  

 ef (v) = C − 2T
mv2
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m v +v( ∥ D)2

(7)‌ ‌ 
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where‌ ‌is‌‌a‌‌constant,‌‌T‌‌is‌‌the‌‌ion‌‌temperature‌‌and‌‌ ‌is‌‌the‌‌drift‌‌velocity‌‌along‌‌the‌‌field‌‌line‌‌C                       vD =  √ m
2εT = √ m

2Edrif t                  
given‌‌in‌‌terms‌‌of‌‌the‌‌fraction,‌‌‌ε‌,‌‌of‌‌the‌‌thermal‌‌energy‌‌and‌‌ .‌‌Once‌‌a‌‌particle‌‌has‌‌escaped‌‌from‌‌the‌‌system,‌‌                        TEdrif t = ε                  
the‌‌single‌‌particle‌‌moments‌‌are‌‌weighted‌‌such‌‌that‌‌the‌‌density‌‌at‌‌the‌‌top‌‌grid‌‌point‌‌due‌‌to‌‌that‌‌incoming‌‌particle‌‌is‌‌                                         
unity‌ ‌to‌ ‌ensure‌ ‌that‌ ‌each‌ ‌particle‌ ‌has‌ ‌equal‌ ‌weight‌ ‌in‌ ‌the‌ ‌phase‌ ‌space.‌ ‌To‌ ‌guarantee‌ ‌that‌ ‌a‌ ‌particle‌ ‌contributes‌‌                                     
properly‌ ‌to‌ ‌the‌ ‌top‌ ‌grid‌ ‌cell,‌ ‌it‌ ‌is‌ ‌launched‌‌two‌‌gyro-radii‌‌above‌‌the‌‌guard‌‌cell‌‌and‌‌is‌‌considered‌‌to‌‌have‌‌left‌‌the‌‌                                           
system‌‌when‌‌the‌‌absolute‌‌value‌‌of‌‌the‌‌z-position‌‌reaches‌‌a‌‌distance‌‌of‌‌two‌‌gyro-radii‌‌above‌‌the‌‌launch‌‌point.‌ ‌Once‌‌                                     
all‌ ‌of‌ ‌the‌ ‌particles‌ ‌have‌ ‌been‌ ‌added‌ ‌together,‌ ‌the‌ ‌total‌ ‌moments‌ ‌are‌ ‌weighted‌ ‌such‌ ‌that‌ ‌the‌ ‌height‌ ‌integrated‌‌                                   
y-current‌‌density‌‌produces‌‌the‌‌proper‌‌change‌‌in‌‌the‌‌x-component‌‌of‌‌the‌‌magnetic‌‌field‌‌given‌‌by‌‌ ‌(i.e.‌‌from‌‌-1‌‌                              (z l)  f /        
to‌‌+1).‌ ‌The‌‌total‌‌calculation‌‌may‌‌be‌‌greatly‌‌speeded‌‌up‌‌if‌‌we‌‌assume‌‌identical‌‌particle‌‌sources‌‌above‌‌and‌‌below‌‌the‌‌                                       



current‌‌sheet,‌‌since‌‌we‌‌may‌‌then‌‌use‌‌the‌‌symmetry‌‌of‌‌the‌‌system‌‌to‌‌only‌‌launch‌‌particles‌‌from‌‌either‌‌above‌‌or‌‌below‌‌                                         
the‌‌current‌‌sheet‌‌and‌‌then‌‌reflect‌‌the‌‌moments‌‌across‌‌the‌‌z=0‌‌plane.‌‌As‌‌a‌‌common‌‌first‌‌approximation,‌‌we‌‌assume‌‌                                     
that‌‌the‌‌electrons‌‌are‌‌sufficiently‌‌mobile‌‌so‌‌as‌‌to‌‌provide‌‌a‌‌neutralizing‌‌background.‌‌Non-symmetric‌‌sources‌‌may‌‌be‌‌                                 
modeled‌ ‌by‌ ‌launching‌ ‌separate‌‌distributions‌‌from‌‌either‌‌side‌‌of‌‌the‌‌current‌‌sheet.‌9‌ ‌Once‌‌a‌‌new‌‌magnetic‌‌field‌‌has‌‌                                   
been‌‌calculated,‌‌it‌‌is‌‌compared‌‌with‌‌the‌‌initial‌‌field.‌‌If‌‌the‌‌fields‌‌are‌‌in‌‌agreement,‌‌we‌‌end‌‌the‌‌simulation,‌‌if‌‌not,‌‌we‌‌                                           
mix‌‌the‌‌old‌‌and‌‌new‌‌fields‌‌together‌‌and‌‌calculate‌‌a‌‌new‌‌input‌‌field.‌‌We‌‌typically‌‌use‌‌95%‌‌old‌‌field‌‌and‌‌5%‌‌new‌‌field‌‌                                             
to‌ ‌ensure‌ ‌convergence,‌ ‌but‌ ‌as‌ ‌a‌ ‌general‌ ‌rule,‌ ‌for‌ ‌smaller‌ ‌drift‌ ‌velocities‌ ‌a‌ ‌smaller‌‌percentage‌‌of‌‌the‌‌new‌‌field‌‌is‌‌                                       
required.‌ ‌ 

To‌‌convert‌‌a‌‌calculated‌‌equilibrium‌‌in‌‌code‌‌variables‌‌into‌‌physically‌‌meaningful‌‌quantities‌‌we‌‌begin‌‌by‌‌defining‌‌                               
,‌‌where‌‌‌R‌E‌ ‌‌is‌‌the‌‌radius‌‌of‌‌the‌‌earth‌‌and‌‌‌σ‌‌is‌‌a‌‌constant‌‌to‌‌be‌‌determined.‌‌Assuming‌‌a‌‌proton‌‌plasma‌‌and‌‌RL = σ E                                            

using‌‌the‌‌definitions‌‌of‌‌the‌‌moments‌‌above,‌‌we‌‌find‌‌that‌‌ ,‌‌where‌ ‌is‌‌the‌‌calculated‌‌density‌‌                    .036  σ = 0 √( n0

n̂top )   n  t̂op          

in‌ ‌the‌ ‌top‌ ‌grid‌ ‌cell‌ ‌and‌ ‌ ‌is‌ ‌the‌ ‌asymptotic‌ ‌particle‌ ‌density‌ ‌measured‌ ‌in‌ ‌ .‌ ‌Furthermore,‌ ‌the‌ ‌asymptotic‌‌            n0                 cm 3−        

magnetic‌‌field‌‌is‌‌given‌‌by‌‌ ‌where‌‌ is‌‌the‌‌ion‌‌temperature‌‌measured‌‌in‌‌keV‌‌and‌‌ ‌is‌‌the‌‌ion‌‌          14.1  B0 =   √n Tt̂op
ˆ

n T0 0     T 0                  T̂        

temperature‌ ‌in‌ ‌code‌ ‌variables.‌‌The‌‌results‌‌for‌‌the‌‌case‌‌ ‌                  .35 cm , T keV , E .1T  and B .1Bn0 = 0 3−   0 = 5   drif t = 0 0 z = 0 0  
are‌ ‌shown‌ ‌in‌ ‌Figure‌ ‌1‌ ‌(a)-(c).‌ ‌The‌‌field‌‌looks‌‌very‌‌much‌‌like‌‌the‌‌Harris-magnetic‌‌field,‌‌but‌‌the‌‌density‌‌is‌‌almost‌‌                                       
constant‌ ‌throughout‌ ‌the‌ ‌reversal.‌‌ ‌  

In‌‌figure‌‌1(d)‌‌and‌‌(e)‌‌we‌‌show‌‌how‌‌the‌‌peak‌‌in‌‌the‌‌current‌‌density‌‌and‌‌the‌‌scale‌‌length‌‌of‌‌the‌‌field‌‌reversal‌‌vary‌‌                                             
as‌ ‌a‌ ‌function‌ ‌of‌ ‌the‌ ‌drift‌ ‌energy.‌ ‌Higher‌ ‌drift‌ ‌energies‌ ‌result‌ ‌in‌ ‌more‌ ‌peaked‌ ‌density‌‌profiles‌‌and‌‌thinner‌‌sheets.‌‌                                     
These‌ ‌properties‌ ‌may‌ ‌play‌ ‌an‌ ‌important‌ ‌role‌ ‌in‌ ‌the‌ ‌next‌ ‌phase‌ ‌of‌ ‌the‌ ‌project‌ ‌where‌‌we‌‌allow‌‌for‌‌more‌‌complex‌‌                                       
electron‌ ‌models.‌ ‌For‌ ‌example,‌ ‌if‌ ‌the‌ ‌electrons‌ ‌are‌ ‌taken‌ ‌as‌ ‌a‌ ‌Boltzmann‌ ‌distribution,‌‌the‌‌short‌‌scale‌‌length‌‌and‌‌                                   
peaked‌ ‌density‌ ‌may‌ ‌result‌ ‌in‌ ‌a‌ ‌significant‌ ‌electric‌ ‌field‌ ‌in‌ ‌the‌ ‌z-direction‌ ‌that‌ ‌will‌ ‌in‌ ‌turn‌ ‌modify‌ ‌the‌ ‌ion‌ ‌dynamics.‌ ‌ 

‌ 

FIGURE‌‌1.‌ ‌Example‌‌results‌ ‌from‌‌the‌‌code.‌‌(a)-(c)‌‌are‌‌the‌‌self-consistent‌‌magnetic‌‌field,‌‌current‌‌density‌‌and‌‌particle‌‌density‌‌for‌‌                                     
the‌‌case‌‌in‌‌which‌‌ ‌.‌ ‌Frames‌‌(d)‌‌and‌‌(e)‌‌show‌‌the‌‌percentage‌‌increase‌‌        .35 cm , T keV , E .1T  and B .1Bn0 = 0 3−   0 = 5   drif t = 0 0 z = 0 0                  
in‌ ‌the‌ ‌peak‌ ‌density‌ ‌and‌ ‌the‌ ‌scale‌ ‌length‌ ‌of‌ ‌the‌ ‌field‌ ‌reversal‌ ‌as‌ ‌a‌ ‌function‌ ‌of‌ ‌the‌ ‌drift‌ ‌energy.‌ ‌ 
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